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Sparsity is Common in AD
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• Computing the Jacobian with Forward or Reverse-mode AD 



Sparsity is Common in (High-Order) AD
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• Computing the Hessian
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• Computing the Hessian

void hessian(double* in, double* outputs) { 
  for(int i=0; i<n; I++) {

   fwddiff(revdiff(f),  
          in, &outputs[i * n]);

  }

}
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• Computing the Hessian

void hessian(double* in, double* outputs) { 
  for(int i=0; i<n; I++) {

   fwddiff(revdiff(f),  
          in, &outputs[i * n]);

  }

}

O (n)
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• Computing the Hessian

void hessian(double* in, double* outputs) { 
  for(int i=0; i<n; I++) {

   fwddiff(revdiff(f),  
          in, &outputs[i * n]);

  }

}

O (n) O (n2)



Sparsity is Common in (High-Order) AD
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• Computing the Hessian

void hessian(double* in, double* outputs) { 
  for(int i=0; i<n; I++) {

   fwddiff(revdiff(f),  
          in, &outputs[i * n]);

  }

}

O (n) O (n2)

O (n2)



Sparsity is Common in Graphics
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• Many graphics problems are decomposed into a list of 
faces/edges

def f(input):

  sum = 0 
  for shape in shapes(input):

   sum += local(shape)

  return sum
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• Many graphics problems are decomposed into a list of 
faces/edges

def f(input):

  sum = 0 
  for shape in shapes(input):

   sum += local(shape)

  return sum



Can we automatically leverage sparsity?



Prior Work: TinyAD
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• Rewrite the problem to explicitly iterate over shape


• Library performs block-wise sparse differentiation.



Can we leverage sparsity to reduce compute & memory?



Spadina

• Intersperse compiler optimizations and program optimizations with differentiation to find and 
leverage structural sparsity


• Implementation in Enzyme and JaX


• Applicable to general structural sparsity (Hessian, Jacobian, etc)
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Present Requirements

• Accumulation of loop(s) of fixed size (e.g. no linked list, runtime-dependent values)


• Only cross-iteration dependencies are linear (e.g. sums)


• All inputs are recomputable [aka read-only]


• Induction variables are not needed for derivative computations [except indexing]


• Memory accesses are affine-indexed (e.g. input[i + 10 * j] not input[I*i])


• May be able to relax these in future (some (like read-only) are required by JaX implementation, 
though not by Enzyme :) )
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Spadina Algorithm

1. Perform Dense AD, interspersed with optimization


2. Propagate sparsity from “one-hot” identity inputs


3. Extract structural derivative updates
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double* X = __enzyme_todense(my_load, my_store, n);


print(X[I])


X[I] = 7;

double* X = __enzyme_todense(my_load, my_store, n);

 
print(my_load(I, n)); 
 
store(7, I, n));



Sparse AD Step 1: Dense AD

16

double f(double* in) { 
  double loss = 0; 
  for(int i=0; i<n-1; i++) {

   loss += ( in[i - 1] - in[I] ) ** 2;

  }

}

• Accumulation of fixed-size loop(s)


• Only linear cross-iteration dependencies


• Read-only inputs


• Induction variables are not needed for 
derivative


• Affine memory accesses

void hessian(double* in, double* outputs) { 
 
  for(int i=0; i<n; i++)

   __enzyme_fwddiff(

      +[](double* in, double* out) {

        __enzyme_autodiff(f, in, out);

      },

      enzyme_dup, in, &identity[i * n],

      enzyme_dupnoneed, nullptr, &outputs[i * n]);

}
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double f(double* in) { 
  double loss = 0; 
  for(int i=0; i<n-1; i++) {

   loss += ( in[i - 1] - in[I] ) ** 2;

  }

}

void hessian(double* in, double* outputs) { 
 
  for(int i=0; i<n; i++)

   __enzyme_fwddiff(

      +[](double* in, double* out) {

        __enzyme_autodiff(f, in, out);

      },

      enzyme_dup, in, &identity[i * n],

      enzyme_dupnoneed, nullptr, &outputs[i * n]);

}



Sparse AD Step 1: Dense AD
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void hessian(double* in, double* outputs) { 
 
  for(int i=0; i<n; i++)

   __enzyme_fwddiff(

      +[](double* in, double* out) {

        __enzyme_autodiff(f, in, out);

      },

      enzyme_dup, in, &identity[i * n],

      enzyme_dupnoneed, nullptr, &outputs[i * n]);

}

void hessian(double* in, double* outputs) { 
 
  for(int i=0; i<n; i++)

   __enzyme_fwddiff(

      grad_f,

      enzyme_dup, in, &identity[i * n],

      enzyme_dupnoneed, nullptr, &outputs[i * n]);

}

double grad_f(double* in, double* din) { 
  double loss = 0; 
  for(int i=0; i<n-1; i++) {

   din[i - 1] += 2 * (in[i - 1] - in[i]);

   din[i] += 2 * (in[i - 1] - in[i]);

  }

}

double f(double* in) { 
  double loss = 0; 
  for(int i=0; i<n-1; i++) {

   loss += ( in[i - 1] - in[I] ) ** 2;

  }

}



Sparse AD Step 1: Dense AD
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void hessian(double* in, double* outputs) { 
 
  for(int i=0; i<n; i++)

   __enzyme_fwddiff(

      grad_f,

      enzyme_dup, in, &identity[i * n],

      enzyme_dupnoneed, nullptr, &outputs[i * n]);

}

double grad_f(double* in, double* din) { 
  for(int i=0; i<n-1; i++) {

   din[i - 1] += 2 * (in[i - 1] - in[i]);

   din[i] += 2 * (in[i - 1] - in[i]);

  }

}

void hessian(double* in, double* outputs) { 
 
  for(int i=0; i<n; i++)

   hess_f(

      enzyme_dup, in, &identity[i * n],

      enzyme_dupnoneed, nullptr, &outputs[i * n]);

}

double hess_f(double* in,  double* fin, 

              double* din, double* fdin) { 
  for(int i=0; i<n-1; i++) {

   fdin[i - 1] += 2 * (fin[i - 1] - fin[i]);

   fdin[i] += 2 * (fin[i - 1] - fin[i]);

  }

}



Step 2: Sparse Propagation

• In AD, the derivative result is always multiplied by the derivative input, e.g. 
   d/dx (y = sin(x)) ->  dy = cos(x) * dx


• Therefore all derivative results are multiplied by the original input, 
in this case a one-hot identity matrix encoding.


• Propagate this sparsity throughout the program to transform a dense AD code into a sparse AD 
code

20

y = sin(x) 
z = f(y) 
r = g(z)

dx = 1 if (i == j) else 0  
dy = cos(x) * dx 
dz = f’(y) * dy 
dr = g’(z) * dz

dx = 1 
dy = cos(x) * 1 
dz = f’(y) * dy 
dr = g’(z) * dz if (i == j) else 0 



Sparse AD Step 2: Sparse Propagation
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void hessian(double* in, sparse<double>* outputs) { 
  for(int i=0; i<n; i++)

   __enzyme_fwddiff(

      +[](double* in, double* out) {

        __enzyme_autodiff(f, in, out);

      },

      enzyme_dup, in, __enzyme_todense(ident_load, ident_store, i, n),

      enzyme_dupnoneed, nullptr, 
         __enzyme_todense(csr_load, csr_store, i, outputs, n));

}

void hessian(double* in, sparse<double>* outputs) { 
  for(int i=0; i<n; i++) { 
    double* fin = __enzyme_todense(ident_load, ident_store, I, n); 
    double* dfin = __enzyme_todense(csr_load, csr_store, i, outputs, n);

    for(int j=0; j<n-1; j++) { 
      fdin[j - 1] += 2 * (fin[j - 1] - fin[j]);

      fdin[j] += 2 * (fin[j - 1] - fin[j]);

    }

  }

}



Sparse AD Step 2: Sparse Propagation
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void hessian(double* in, double* outputs) { 
  for(int i=0; i<n; i++) { 
    double* fin = __enzyme_todense(ident_load, ident_store, I, n); 

    for(int j=0; j<n-1; j++) { 
      csr_store(j - 1, 2 * (fin[j - 1] - fin[j]), outputs, n );

      csr_store(j    , 2 * (fin[j - 1] - fin[j]), outputs, n );

    }

  }

}

void hessian(double* in, sparse<double>* outputs) { 
  for(int i=0; i<n; i++) { 
    double* fin = __enzyme_todense(ident_load, ident_store, I, n); 
    double* dfin = __enzyme_todense(csr_load, csr_store, i, outputs, n);

    for(int j=0; j<n-1; j++) { 
      fdin[j - 1] += 2 * (fin[j - 1] - fin[j]);

      fdin[j] += 2 * (fin[j - 1] - fin[j]);

    }

  }

}



Sparse AD Step 2: Sparse Propagation
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void hessian(double* in, sparse<double>* outputs) { 
  for(int i=0; i<n; i++) { 
    double* fin = __enzyme_todense(ident_load, ident_store, I, n); 

    for(int j=0; j<n-1; j++) { 
      csr_store(j - 1, 2 * (fin[j - 1] - fin[j]), outputs, n );

      csr_store(j    , 2 * (fin[j - 1] - fin[j]), outputs, n );

    }

  }

}

void hessian(double* in, sparse<double>* outputs) { 
  for(int i=0; i<n; i++) {

    for(int j=0; j<n-1; j++) { 
      csr_store(j - 1, 2 * ( ((j - 1) == i) - (j == i) ), outputs, n );

      csr_store(j    , 2 * ( ((j - 1) == i) - (j == i) ), outputs, n );

    }

  }

}



Sparse AD Step 2: Sparse Propagation
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void hessian(double* in, sparse<double>* outputs) { 
  for(int i=0; i<n; i++) {

    for(int j=0; j<n-1; j++) { 
      csr_store(j - 1, 2 * ( ((j - 1) == i) - (j == i) ), outputs, n );

      csr_store(j    , 2 * ( ((j - 1) == i) - (j == i) ), outputs, n );

    }

  }

}

void hessian(double* in, sparse<double>* outputs) { 
  for(int i=0; i<n; i++) {

    for(int j=0; j<n-1; j++) {

      if ( 2 * ( ((j - 1) == i) - (j == i) ) != 0) 
        csr_store(j - 1, 2 * ( ((j - 1) == i) - (j == i) ), outputs, n );


      if ( 2 * ( ((j - 1) == i) - (j == i) ) != 0) 
       csr_store(j    , 2 * ( ((j - 1) == i) - (j == i) ), outputs, n );

    }

  }

}



Sparse AD Step 2: Sparse Propagation
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void hessian(double* in, sparse<double>* outputs) { 
  for(int i=0; i<n; i++) {

    for(int j=0; j<n-1; j++) {

      if ( 2 * ( ((j - 1) == i) - (j == i) ) != 0) 
        csr_store(j - 1, 2 * ( ((j - 1) == i) - (j == i) ), outputs, n );


      if ( 2 * ( ((j - 1) == i) - (j == i) ) != 0) 
       csr_store(j    , 2 * ( ((j - 1) == i) - (j == i) ), outputs, n );

    }

  }

}

void hessian(double* in, sparse<double>* outputs) { 
  for(int i=0; i<n; i++) {

    for(int j=0; j<n-1; j++) {

      if ( j == i + 1 || j == i) 
        csr_store(j - 1, 2 * ( ((j - 1) == i) - (j == i) ), outputs, n );

      if ( j == i + 1 || j == i)

        csr_store(j    , 2 * ( ((j - 1) == i) - (j == i) ), outputs, n );

    }

  }

}



Sparse Solving

• We have now simplified all derivative updates in terms of the propagated sparse inputs


• For each accumulate call, solve for what indices could lead to non-zero indices


• Extract out the value being stored and call at exactly those indices


• Requires the accumulate function to be commutative, and append-like
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Sparse AD Step 3: Sparse Solving

27

void hessian(double* in, sparse<double>* outputs) { 
  for(int i=0; i<n; i++) {

    for(int j=0; j<n-1; j++) {

      if ( j == i + 1 || j == i) 
        csr_store(j - 1, 2 * ( ((j - 1) == i) - (j == i) ) );

      if ( j == i + 1 || j == i)

        csr_store(j    , 2 * ( ((j - 1) == i) - (j == i) ) );

    }

  }

}

void body(int storenum, int i, int j, 
          double* in, sparse<double>* outputs) { 
  if( j >=0 && j<n) {

     if ( storenum == 0 ) 
        csr_store(j - 1, 2 * ( ((j - 1) == i) - (j == i) ) );

      if ( storenum == 1 )

        csr_store(j    , 2 * ( ((j - 1) == i) - (j == i) ) );

  }

}

void hessian(double* in, sparse<double>* 
outputs) { 
  for(int i=0; i<n; i++) {

     body(0, i, i ,    in, outputs);

     body(0, i, i + 1 ,in, outputs);

     body(1, i, i ,    in, outputs);

     body(1, i, i + 1 ,in, outputs);


  }

}



Sparse AD Step 3: Sparse Solving
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void hessian(double* in, sparse<double>* outputs) { 
  for(int i=0; i<n; i++) {

    for(int j=0; j<n-1; j++) {

      if ( j == i + 1 || j == i) 
        csr_store(j - 1, 2 * ( ((j - 1) == i) - (j == i) ) );

      if ( j == i + 1 || j == i)

        csr_store(j    , 2 * ( ((j - 1) == i) - (j == i) ) );

    }

  }

}

void body(int storenum, int i, int j, 
          double* in, sparse<double>* outputs) { 
  if( j >=0 && j<n) {

     if ( storenum == 0 ) 
        csr_store(j - 1, 2 * ( ((j - 1) == i) - (j == i) ) );

      if ( storenum == 1 )

        csr_store(j    , 2 * ( ((j - 1) == i) - (j == i) ) );

  }

}

void hessian(double* in, sparse<double>* 
outputs) { 
  for(int i=0; i<n; i++) {

     body(0, i, i ,    in, outputs);

     body(0, i, i + 1 ,in, outputs);

     body(1, i, i ,    in, outputs);

     body(1, i, i + 1 ,in, outputs);


  }

}

O(n) compute
O(n) data



Evaluation
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Spadina + {Enzyme, JaX}

• As Enzyme is within the compiler, the sparsification algorithm above is fully automatic from 
existing compliant code which uses Enzyme for dense AD


• Spadina-JaX requires rewriting to use special primitives, and must have the iteration space 
manually determined and specified

30

Lower Enzyme   .

Optimize

CodeGen

Optimize

import jax.numpy as jnp


def local_energy(…): return jnp.foo(…)


energy = spadina.vmapsum(local_energy, 
                                  elements)

spadina.sparse_grad(energy)




• Automatically generate sparse versions of otherwise dense derivatives


• Exploits structural (not data) sparsity


• As Enzyme differentiates code in a variety of parallel frameworks (OpenMP, MPI, Julia Tasks, 
GPU), and languages (C, C++, Fortran, Julia, Rust, Swift, etc), can be widely applied


• Haven’t written nice syntactic sugar for frontends beyond magic calls, will do soon (sorry 
Julia folks)


• Open source (enzyme.mit.edu & join our mailing list)! 
      https://github.com/EnzymeAD/Enzyme/blob/main/enzyme/test/Integration/Sparse/


• Lots more ongoing work including scheduling, checkpointing, and more

       Spadina-Enzyme [and to a lesser extent Spadina-JaX]

31

http://enzyme.mit.edu
https://github.com/EnzymeAD/Enzyme/blob/main/enzyme/test/Integration/Sparse/
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• Automatically generate sparse versions of otherwise dense derivatives


• Exploits structural (not data) sparsity


• As Enzyme differentiates code in a variety of parallel frameworks (OpenMP, MPI, Julia Tasks, 
GPU), and languages (C, C++, Fortran, Julia, Rust, Swift, etc), can be widely applied


• Haven’t written nice syntactic sugar for frontends beyond magic calls, will do soon (sorry 
Julia folks)


• Open source (enzyme.mit.edu & join our mailing list)! 
      https://github.com/EnzymeAD/Enzyme/blob/main/enzyme/test/Integration/Sparse/


• Lots more ongoing work including scheduling, checkpointing, and more

       Spadina-Enzyme [and to a lesser extent Spadina-JaX]
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http://enzyme.mit.edu
https://github.com/EnzymeAD/Enzyme/blob/main/enzyme/test/Integration/Sparse/


       Enzyme
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